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In a recent Rapid Communication (Phys. Rev. B 63, 121210(R) (2001)), Hau¨sler showed that the
interaction between electrons in quantum wires may enhance the persistent spin current arising from
Rashba spin-orbital coupling. In this Comments, we would like to point out that this ’enhancement’
comes from a misunderstanding to the boosting persistent current in the Luttinger liquid theory. A
correct calculation will not give such an enhancement of the persistent spin current. Meanwhile, we
provide a Luttinger liquid theory with Rashba spin-orbital interaction by bosonization, which may
show how the Rashba precession is in a Luttinger liquid.
PACS numbers: 71.10.Pm, 71.70.Ej, 73.21.-b
In a recent Rapid Communication, Rashba precession
in quantum wires with interaction was discussed [1]. The
author explained that the enhancement of the Rashba ef-
fect in the Shubnikov-de Hass measurement [2] may pos-
sibly caused by the interaction between the electrons in
quantum wires. A bosonization form of the Luttinger liq-
uid was used in order to describe this enhancement. The
bosonized Hamiltonian the author obtained was (see eq.
(5) in [1])
H =
∑
ν=ρ,σ
π
4L
(vνNM
2
ν + vνJJ
2
ν )−mαvF Jσ +
∑
q 6=0
Hq. (1)
Here, the author defined Mν = MνR + MνL and Jν =
MνR−MνL. In Haldane’s original paper, MνR,L are the
particle numbers to be extra added to the ground state
in the right- or left-movers [3]. They are integer. Now,
there is a contradiction, i. e., Jσ is an integer while in
the ground state, δH/δJσ = 0 leads to
Jσ,0 = (2L/π)mαvF /vσJ , (2)
which is not an integer in general. On the other hand,
eq.(2) was the central result that the author of [1] to
claim the Rashba effect may be enhanced by interaction,
because of which, the Rashba length becomes short for
the repulsive interaction and Rashba effect is enhanced.
To solve the contradiction mentioned above and to see
if the Rashba length is really shorted, we thoroughly go
through the bosonization of the interaction electrons with
Rashba effect in quantum wires. Consider the free elec-
trons with Rashba spin-orbital term on a quantum wire.
The Hamiltonian in a second quantization language reads
H =
∫
dx
1
2m
∑
a=±
ψ∗a(x)[(−ih¯∂x + aqR)
2 − q2R]ψa(x)
=
∑
k
ǫa(k)c
†
kacka, (3)
where ψa =
√
1/2(ψ↑ − iaψ↓) for ψ↑,↓ being the electron
fields with spin ↑ and ↓; cka is the Fourier component of
ψa(x); qR = mα is Rashba wave vector; and
ǫa(k) =
1
2m
[(k + aqR)
2 − q2R]
is the dispersion relation. Linearizing the dispersion near
the Fermi points ±kF , one has
H ≈ HR +HL + E0(M,J) =
∑
k∼kF
vFa(k − kF )c
†
kacka
−
∑
k∼−kF
vFa¯(k + kF )c
†
kacka + E0(M,J), (4)
whereE0(M,J) is the zero mode energy to be determined
later; vFa = (kF + aqR)/m and vFa¯ = (kF − aqR)/m.
Define the density operators in the momentum space
ρR,Lqa =
∑
k∼±kF
c†k+q,acka
which obey commutation relations
[ρR,Lqa , ρ
†R,L
q′a′ ] =
L
2π
δa,a′δq, q
′,
[HR,L, ρR,Lqa ] = ±vFa,a¯qρ
R,L
qa . (5)
Therefore, we can write down the bosonized Hamilto-
nian which satisfying the commutation relation (5)
HB =
∑
q>0,a
vFaqb
†
qabqa +
∑
q>0,a
vFa¯qb˜
†
qab˜qa + E(M,J), (6)
where bqa =
√
2π/qLρRqa and b˜qa =
√
2π/qLρ†Rqa . Differ-
ing from a well-known bosonized Luttinger liquid Hamil-
tonian, the left- and right- mover Hamiltonians have dif-
ferent sound velocities. Now, we determine the zero mode
energy. The ground state energy is given by
E0 =
∫ kF
−kF
dk
∑
a
na(k)ǫa(k), (7)
where na(k) = 1/2π. The zero mode excitations include
adding extra particle to the ground state and boosting
the Fermi sea by k → k − πJa/L. That is, the energy
increments are
δME =
∑
a
{∫ kF+piMa
−kF−piMa
−
∫ kF
−kF
}
na(k)ǫa(k),
δJE =
∑
a
{∫ kF−piJa/L
−kF−piJa/L
−
∫ kF
−kF
}
na(k)ǫa(k). (8)
1
It is easy to see
E0(M,J) = δME + δJE
= vF
∑
ν=ρ,σ
π
4L
(M2ν + J
2
ν )− qRvF Jσ
= vF
∑
ν=ρ,σ
π
4L
(M2ν + J˜
2
ν )−
L
π
v2F q
2
R, (9)
where Mρ =
∑
aMa, Mσ =
∑
a aMa and so on; J˜ρ = Jρ
and J˜σ = Jσ − (2L/π)qRvF . According to Haldane [3],
the periodic boundary condition gives (−1)Mν = (−1)J˜ν .
Namely, Mν and J˜ν are integer and have the same odd-
even.
A full Luttinger liquid Hamiltonian by adding the in-
teraction between electrons is given by
H = HB +HI
=
1
2
∑
q>0,a
[q(vFa + Uqa)(b
†
qabqa + bqab
†
qa)
+ q(vFa¯ + Uqa)(b˜
†
qab˜qa + b˜qab˜
†
qa)
+ qVqa(b
†
qab˜
†
qa + b˜
†
qab
†
qa + bqab˜qa + b˜qabqa)]
+
π
4L
∑
ν
{vF (M
2
ν + J˜
2
ν ) + 2[U0ν(M
2
ν,R +M
2
νL)
+ 2V0νMν,RMν,L]}+ constant. (10)
Using the relation between the integers, i.e., Mν =
Mν,R +Mν,L and J˜ν =Mν,R −Mν,L, one has
H =
∑
ν=ρ,σ
π
4L
(vνNM
2
ν + vνJJ
2
ν )− qRvσJJσ +
∑
q 6=0
Hq, (11)
where vνN and vνJ relate to vF by Haldane controlling
parameters determined by the interaction [3]. Differing
from eq. (2), the persistent spin current in the ground
state determined by (11) is simply
Jσ,0 = (2L/π)mα, (12)
which is not renormalized by the interaction.
To doubly check (12), we take another formalism of
the Luttinger liquid. The Luttinger liquid theory can be
re-formalized by using the exclusion statistics language
[4]. In this formalism, the Haldane controlling parame-
ters, e.g., e−2ϕν , are identified as the exclusion statistical
parameters, say λν . We consider the ground state energy
(7). Due to the λν-exclusion, the density distribution of
the fermi sea is given by
nν(k) =
1
2πλν
(13)
for |k| < kF but not simply
1
2pi [4]. Adding the extra
particles corresponds to enlarge the Fermi sea, i.e., in
terms of (13), ±kF → ±(kF + πλνMν/L) . Boosting the
Fermi sea is still given by k → k − πJν/L. Therefore,
similar to (8), the increments of the energy due to the
zero mode excitations are given by
δME =
π
4L
∑
ν
(λνvF )M
2
ν + ...,
δJE =
π
4L
∑
ν
(vF /λν)J
2
ν − qR(vF /λσ)Jσ, (14)
where vFλν ≡ vνN and vF /λν ≡ vνJ ;
′...′ is proportional
to Mν and can be absorbed into the re-definition of the
chemical potential. Once more, we obtain the persistent
spin current (12) but not (2).
In conclusions, we have shown that the interaction
between electrons does not renormalize the persistent
spin current. Therefore, the experimentally observed en-
hancement of the Rashba effect is not related to the in-
teraction in the way described by Ref. [1]. However, the
interaction does affect the Rashba procession. It may
be seen from
∑
q 6=0Hq in (11). Although the different
sound velocities in the left- and right-movers implies it is
not an ordinary conformal field theory with c = 1 in
each ’a’-sector, this Hq may be diagonalized. So the
sound velocities vFa and vFa¯ then the Rashba qR will
be renormalized. Again due to the technique of the ordi-
nary conformal field theory can not be directly applied,
many details need to work out in order to see the Rashba
procession with interaction. These have gone beyond the
scope of this Comments and we will publish them in a
separate paper.
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